We consider, at the linearized level, the superspace formulation of lower-dimensional Ftheory. In particular, we describe the embedding of 3D Type II supergravity of the superstring, or 4D, N = 1 supergravity of M-theory, into the corresponding F-theory in full detail, giving the linearized action and gauge transformations in terms of the prepotential. This manifestly supersymmetric formulation reveals some features not evident from a component treatment, such as Weyl and local S-supersymmetry invariances. The linearized multiplet appears as a super 3-form (just as that for the manifestly T-dual theory is a super 2-form), reflecting the embedding of M-theory (as the T-dual theory embeds Type II supergravity). We also give the embedding of matter multiplets into this superspace, and derive the F-constraint from the gauge invariance of the gauge invariance.
1 Introduction
Earlier work
After dimensional reduction only linear coordinate transformations are preserved, since those transform indices but not vanishing coordinates. (There are also translations, but they don't affect indices.) The vielbein in pure gravity (actually the compactification scalars) thus becomes an element of GL(D)/O(D−1,1), since the local tangent space symmetry is unaffected. (If only d dimensions are compactiifed, replace D with d.) This symmetry can be used to reconstruct gravity upon decompactifying the dimensions [1] .
If a similar reduction is applied to the vielbein and 2-form of the massless sector of the bosonic string, the fields are found to form the coset O(D,D)/O(D−1,1)
2 [2] , where O(D,D) is T-duality. This symmetry can be used to reconstruct the complete low-energy limit of string theory in a manifestly T-duality covariant form by doubling the number of spacetime dimensions [3] [4] [5] : The method is based on the string current algebra, which defines a new Lie derivative. The second D coordinates correspond to winding modes of the string; they do not require doubling of the string coordinates X(τ, σ). The coordinate transformations generated by the currents include both the usual coordinate transformations and the gauge transformations of the 2-form combined covariantly, and automatically imply the gauge invariance of the gauge invariance. This allows for the definition of connections, covariant derivatives, torsions, curvatures, and Bianchi identities.
The action can then be constructed by introducing the dilaton as an O(D,D)-invariant integration measure (density). An O(D,D)-covariant constraint ("strong constraint", as it was later called) is imposed on the coordinates for gauge invariance of the action; choice of a solution ("section") spontaneously breaks O(D,D), which is restored to O(d,d) upon reduction of d of the coordinates.
The construction generalizes straightforwardly to the superstring in superspace. Recent developments include finite gauge transformations [6] and the supersymmetric component action [7, 8] .
(Other recent developments are listed in [9] .) Analogous cosets were found for dimensional reductions of M-theory [10, 11] . Bosonic actions (without added coordinates) were constructed, but had measure problems, suggesting the procedure might work only for the complete 11D theory [12] . Extra coordinates were found to manifest U-duality (including T-duality and S-duality), leading to a generalization of the strong constraint [13] [14] [15] . We'll refer to these as "F-theory", according to its original definition as adding further dimensions to M-theory to incorporate U-duality. (We'll also call this generalized constraint the "F-constraint" to distinguish it from the original O(D,D) "T-constraint".) Supersymmetric generalizations were found, in components [16, 17] . These field theory descriptions were related directly to branes in [18] [19] [20] .
Review
The most complete results were obtained for the massless bosonic sector of the F-theory uplift of the 3D superstring [12, 13, [21] [22] [23] . (The corresponding M-theory is 4D, N = 1 supergravity.) The fully nonlinear gauge transformations and action were obtained (with the F-constraint). The measure was not covariant, but the indications were that this was a consequence of not working in the critical dimension. (In T-theory the dilaton acts as the measure for all D.) We will not see this problem here, as we limit ourselves to the linear approximation. We now briefly summarize those results (with some reinterpretation).
The symmetry unbroken by the vacuum is SO(3,1) for M and SO(2,2) = SO(2,1) 2 for T (left and right, doubling the SO(2,1) of the String), so that for F must be SO(3,2) = Sp (4) . This gives the usual naive extra dimension expected, but supersymmetry requires more: The anticommutator of 2 supersymmetries yields for momentum a symmetric bispinor of Sp(4), i.e., an antisymmetric tensor 10 of SO (3, 2) .
From the usual dimensional reduction arguments (see more below) we know the bosons in this case must be an element of SL(5)/O (3, 2) . But the vielbein must carry antisymmetric pairs of indices (as do the coordinates and momenta): It is the 10 representation of the coset, while the defining 5 representation is more convenient, since it is unconstrained except for unit determinant (which we'll see below actually arises as a gauge invariance in the superspace formulation). Expressing one in terms of the other, where the indices belong to the 5 of SO (3, 2) or SL (5) . Linearizing e a m as symmetric, traceless 14 h ab , the gauge transformations are thus
(λ also a 10).
As for T-theory, there is a gauge invariance of the gauge invariance, in this case
in terms of the new parameterλ abcd , a totally antisymmetric 5 of SO (3, 2) . This requires for consistency the F-constraint
acting onλ abcd , and in turn on all other quantities. At the nonlinear level, it is imposed even when the two derivatives act on different fields, since it must hold on products of functions (as required, e.g., for integration by parts).
These results relate to the usual for the M and T-theories: M comes from solving the constraint
for all momenta p i , which implies
Choosing a frame (and normalization) u a = δ −1,a (for some time index "−1"), we have only p
nonvanishing, a = −1, a 4 of SO (3, 1) . The bosonic sector of M then follows straightforwardly (cf. appendix B). The superspace reduction is worked out in section 4.1. T comes instead from dimensional reduction: restricting the range of the indices 5 → 4 (now dropping a space index as usual). In this case p becomes a 3⊕3 of SO(2,1) 2 , the 3's of the 2 SO(2,1)'s coming from the selfdual and anti-selfdual parts of p ab . Also,λ and the constraint reduce to the usual scalars, with the SO(2,2) inner product given by abcd . The analysis is actually simpler in spinor notation (as implied by superspace) and is carried out in detail in section 4.2.
Superspace
In this paper we consider F-theory as the U-duality completion of superstring theory in D = 3, 4, or 6, focusing mostly on D = 3 [24] . (The F-theory itself is in much higher dimensions.) We will study its formulation in superspace, but only at the linearized level. Ultimately the goal is to use the richer yet more restrictive structure of superspace to help understand the geometry of the theory, and possibly the underlying worldvolume dynamics that implies it. We'll see a few examples below.
We now consider general properties of supergravity in superspace for the related String theory (Type II), manifestly T-dual string theory, M-theory, and F-theory for cases corresponding to the (classical super)string theory in spacetime dimensions D = 3, 4, and 6. M-theory is defined in 1 dimension higher, T-theory in double the dimensions, and F-theory in whatever number needed to preserve the enlarged tangent-space symmetry, as described below. The result can be summarized in table 1. (28) sectioning dimensional reduction Table 1 : FMTS in superspace The tangent-space symmetry H listed above for F-theory follows from taking the covering group of SO(D−1,1) and doubling its argument. The supersymmetry algebra (or that of the corresponding flat-space covariant derivatives) thus takes the same form as for the standard superspace for Type I supersymmetry,
except for this doubling: The fermionic coordinates are in the defining ("spinor") representation of H, and the bosonic coordinates are in the bispinor ("vector") representation with the same symmetry/reality conditions. The number of supersymmetries is thus the same as for S-theory (Type II, as well as for M and T). However, the bosonic space is enlarged due to the larger H. The cosets G/H give all of the bosonic sector of F. (The cosets given for M and S give just gravity, while that for T gives only gravity and the 2-form.) They correspond to the Lorentz scalars of maximal supergravity in 10−D dimensions (except that H is Wick rotated for 2 time dimensions [25] ), while the bispinor coordinates correspond to the Lorentz vectors (which are representations of G). The "vector" vielbein is in the coset G/H, in the bispinor representation, which can be expressed as a homogeneous polynomial in that of the defining representation.
The D = 3 case might better be considered as GL(5)/SO(3,2)⊗GL(1), indicating gravity in 3+2 dimensions with local Weyl scale invariance. (Supergravity then has also local S-supersymmetry, as we'll see below.) The case D = 4 resembles a T-dual theory for 5D supergravity, except for the reality conditions and the mixed spinor indices of the bosonic coordinates. For D = 6 note that, unlike SU (8) , all even rank tensors of SU*(8) including the bispinor are real, since the defining representation is pseudoreal. Furthermore, SU*(8) has subalgebras SO*(8) = SO(6,2) and SU*(4) 2 = SO (5,1) 2 . But SU*(8) = SL(4;H), not Sp(4;H). For the rest of the paper we concentrate on D = 3.
Super F-orms
The flat space covariant derivative algebra is
where p αβ = p βα is symmetric. For D=3, we can write
where p is antisymmetric in vector indices. This superspace has 10 bosonic coordinates (with signature (6,4) cf. §4) and 4 fermionic ones. For gauge invariance, we require the "F-constraint"
on all fields and gauge parameters. Here,
C αβ X γ γ stands for the anti-symmetric part with the C-trace removed. We will at times refer to F as ten-dimensional but the theories are effectively restricted to satisfy this constraint. Then, from (A.5, A.6) we obtain
Starting in the next section, we will derive the F-analogues of the familiar matter, gauge, and gravitational multiplets. Together, they form a de Rham-type hierarchy which we represent in table 2 (cf. [26, 27] ). The F-constraint gives rise to a new type of bosonic representation superficially similar to exterior differential forms in ten dimensions but with the opposite parity on its indices. In contrast to the ten-dimensional de Rham differential d = 4) . As we will see in section 2, these "F-orms" appear in the component expansions of the F-theory superfields and reduce to p-forms under sectioning F → M. They are worked out in appendix B where it is found that they come in two distinct de Rham-type sequences we will call p-forms and * p-forms based on the degree of the M-theory p-form they describe (cf. tables B.2 and B.3).
field strength:
Bianchi identity: 0 = dF p+1 Table 2 : Super F-orms
Outline
In section 2, we will construct each of the matter and gauge multiplets (corresponding to p = 0, 1, 4, 5 in table 2). The constraints defining the multiplets are complicated due to the lack of chirality. In particular, products of irreducible superfields are not irreducible superfields (i.e. there is no analogue of the chiral ring). It will turn out that every multiplet contains a bosonic p-form with a gauge transformation. For each multiplet, we give the component structure and quadratic action. We then describe the (lack of) self-couplings and attempt to classify interactions between the multiplets. Such terms are severely restricted by gauge invariance and their complicated constraint structure.
The result of the analysis of interactions is that all interactions between the various irreducible representations are at most quadratic with the scalar multiplet (SM) coupling to itself to give a mass term. The tensor multiplet (TM) and vector multiplets (VM) can only couple to each other in a BF -type interaction, thereby giving a mass to the TM. The dual vector multiplet (dVM) cannot couple to any of the other superfields.
The field strength of the VM is the gauge transformation of the next entry in the de Rham complex. Instead of describing a 2-form (which already sits in the TM), it turns out that the associated invariant is the multiplet of linearized local superconformal transformations, which we study in section 3. The next entry of the table has this multiplet as a set of gauge transformations and, therefore, describes the "conformal" graviton: In the same way that the orthogonality of the vielbein in T-theory makes its linearization a super 2-form, the linearized superfields of Fsupergravity are naturally associated with a super 3-form. We construct its linearized Einstein tensor and, thus, the linearized supergravity action, invariant under the linearized superconformal transformations. We find, however, that we are unable to construct the super-Weyl tensor (as expected from a similar analysis at the nonlinear level in T-theory).
The derivation of M, T, and S-theories by combinations of sectioning and dimensional reduction of all the above F-theories is discussed in section 4. The final section contains our conclusions.
Some superspace d-identities are derived in appendix A. In appendix B we present a bosonic version of F-theory. First, we address the subtle notion of p-forms which appear in the components of the matter and gauge multiplets in the main body of the paper. We end the appendices with the construction of bosonic F-gravity.
Matter

Scalar Multiplet
Consider the real scalar superfield constrained by
Due to the identity (1.5), we can solve this constraint in terms of a (real) prepotential U as
The 8 + 8 components of the real scalar superfield U are given by
We take the action to be
This yields the equation of motion
Together with the constraint (2.1), this implies the Dirac equation p αβ d β φ = 0 by the second identity in (A.3).
The components of the scalar multiplet are
The "vector" component F a is a derivative of the vector A a in the prepotential U (2.2) by the fifth and sixth identities in (A.3). By the defining constraint (2.1) and the first equation in (A.5), it satisfies the Bianchi identity ∂ [ab F c] = 0 so that F is a * 2-form (cf. table B.3). Taken together, this multiplet carries 4 + 4 off-shell degrees of freedom. On-shell, the vector potential is further constrained to satisfy 0
. This is the Maxwell-type wave equation
3) reducing the multiplet to 2 + 2 on-shell degrees of freedom.
2 and the scalar superfield φ → Π +Π reduces to a chiral field Π with real prepotential plus its conjugate. This is the known description of the four-dimensional gauge 3-form multiplet [27] . We conclude that this "scalar" multiplet describes the F-theory lift of the gauge 3-form. We will revisit this reduction in section A.3.
Scalar Multiplet Mass
It is impossible to write a general superpotential for this multiplet since, for example, in the reduction F → M, the resulting superpotential fails to be holomorphic. The exception to this is the mass term
which is gauge invariant by the constraint on φ. It reduces correctly to M by the linearity in φ:
The massive SM equation of motion becomes
Note that this equation is annihilated by 
Canceling the second term requires f = 0 which then implies that f = 0 as well. Thus, we recover that
for some constant parameters Λ and m with mass dimensions 2 and 1, respectively.
Tensor Multiplet
The dual G of the scalar multiplet has its defining constraint and equation of motion reversed as compared to the equations defining the dynamical scalar multiplet φ. That is, the constraint is
for some unconstrained spinor superfield η with gauge parameter υ αβ = 1 2 υ αβ . The action dual to the scalar action (2.4) is
The equation of motion extremizing this action is
14)
The Dirac equation on the spinor in G is implied by the constraint and the equation of motion as with the scalar multiplet to which it is dual. The components of the tensor multiplet are
The vector component is constrained by 
TM ↔ SM Duality
This multiplet can be obtained by performing a duality transformation on the scalar multiplet of the previous section. A duality functional for 2-form ↔ * 2-form is
Substituting back into the action gives the scalar multiplet of section 2.1. Alternatively, integrating out U gives the constraint d 2 G = 0 which is satisfied by the tensor multiplet solution G = d α d 2 η α , and the action reduced to the tensor muliplet action (2.13).
As usual, there is a "dual" action for expressing this duality,
Now φ is auxiliary, and G = d α d 2 η α appears explicitly.
Tensor Multiplet Mass
The equation of motion (2.14) is annihilated by contraction with (dγ a ) α . Since no combination of m, d, and η has this property, we conclude that this multiplet cannot have a mass term. Indeed, postulating a superpotential V α (G) and repeating the analysis of the previous section, we find that dGγ a f = 0, which is easily shown to imply that f α = 0. Thus, f α = 0 unless we consider couplings to other multiplets. In section 2.3, we will find that the vector multiplet field strength W α satisfies this constraint. There we will take the constant (in G) f α = c BF W α which deforms the equation of motion to d 2 d α G + mW α = 0 with m = c BF .
Vector Multiplet
The scalar and tensor multiplets of the previous section fit into a de Rham complex · · · → TM → SM → . . . in which the field G = d α d 2 η α in the TM becomes the gauge transformation of the prepotential U of the SM φ = d 2 U . In this section we extend this complex to the right
by taking the prepotential expression of the SM field and reinterpreting it as the gauge transformation of what will turn out to be the vector multiplet (VM), describing the supersymmetric generalization of the form with p = 1 in table (B.2) . Thus, the vector multiplet prepotential is a real scalar superfield V with the abelian gauge transformation 19) given in terms of the scalar multiplet of the previous subsection. Due to the identity (1.5), we can define the (abelian) vector multiplet field strength W α as
This solves the Bianchi identity
as follows from (1.5) and the second equation in (A.3). Then the Maxwell action
is invariant. The equation of motion following from this action is p αβ W β . The 8 + 8 components of the real scalar prepotential V are given by
Under a gauge transformation with SM gauge parameter
we see that there is a Wess-Zumino gauge
The components of the field strength are
The 2-form component satisfies the identity ∂ ab F bc = 0. In table B.2 it is represented by its Hodge dual F abc so that, indeed, this is the 1-form (as opposed to the * 1-form). This gives an off-shell 4 + 4 component description that reduces to 2 + 2 components on-shell.
Gauge-invariant TM/VM Interactions
We are unable to give the VM gauge-invariant self-interactions. Nevertheless, we find that we are able to construct interesting gauge-invariant terms that are not the kinetic action. We modify the usual argument to include a term
where c F I is a constant and ϕ i are other fields that are not V . Since f is independent of V , these terms integrate to d 4 xd 4 θV f (ϕ). Now, gauge invariance requires d 2 f = 0 off-shell so
where g i := ∂g/∂ϕ i and g ij := ∂ 2 g/∂ϕ i ∂ϕ j . Thus, assuming only linear constraints on ϕ, we find that g ij = 0 and either g i = 0 or ϕ = G is a tensor multiplet. We now consider these terms in more detail.
Fayet-Iliopoulos Term Although we are unable to construct minimal coupling terms and selfinteractions, there is the possibility of a Fayet-Iliopoulos term
This term is gauge invariant and supersymmetric by the usual arguments.
BF Coupling and Tensor Multiplet Mass Consider the coupling
to a tensor multiplet. This is gauge-invariant due to the constraint on G. The Fayet-Iliopoulos term results if we give a vev G = c F I /c BF . By solving G = d α d 2 η α for its pre-potential, we can also recast the action in the form 
Dual Vector Multiplet
We momentarily digress from the de Rham progression TM → SM → VM to work out the dual vector multiplet (dVM) obtained by interchanging the VM constraint with its equation of motion.
In doing so, we will find the supersymmetric generalization of the form with p = * 1 in table B.3. The dual vector multiplet * W α is defined by the constraint
where the prepotential and gauge parameter satisfy X αβ = 1 2
X αβ for X = h, λ. The dual Maxwell action is
giving the equation of motion
The components of the gauge parameter are those of a scalar multiplet (2.25) with a vector index tacked on
This can be used to put the prepotential into the Wess-Zumino gauge The remaining fields enter the field strength superfield as
and * F a ∼ a bcde ∂ bc A de are the field strength for a dual vector (i.e. a * 1-form) and the (dual of the) field strength for a 2-form, respectively. The latter is auxiliary, being set to zero on-shell by the equation of motion (2.35).
VM ↔ dVM Duality
This multiplet can be obtained by performing a duality transformation on the vector multiplet of the previous section. The duality functional for 1-form ↔ * 1-form is 2 ). Again, there is a dual action,
No Gauge-invariant dVM Interactions
The equation of motion dγ a * W = 0 is annihilated by d 2 . We can repeat the analysis of section 2.3.1 with the difference that now f a (h) is a 1-form. The condition that d 2 f a = 0 is strengthened by gauge invariance to conservation d 2 f a = 0 off-shell. Analogously to (2.28), we find that f a is a linear function of TMs. But then it is easy to see that the only such function consistent with Lorentz invariance is f a ≡ 0. We conclude that the dVM does not admit any interactions.
Supergravity
In this section, we return to construction of the de Rham complex by extending equation (2.18) to the right:
This means that we have a prepotential with transformation of the form of the defining constraint (2.20) of the VM. This is recognizable as the linearized conformal supergravity prepotential transformation. Surprisingly, then, we do not generate the supersymmetric version of a p-form as one might have expected. 
Local Superconformal Transformations
The local superconformal transformation of the supergravity prepotential is
The expansion for the gauge parameter is
As we explain momentarily (c.f. §3.1.1), there is a gauge transformation of this gauge parameter that allows us to remove the first two components. In this Wess-Zumino gauge, the gauge transformation of H is
The component fields parameterize:
local type translation supersymmetry scale Lorentz S-supersymmetry
The parameters {ξ a ,Λ aα , σ a }, together with local scale (for ϕ), local Lorentz (for b ab ), and local S-supersymmetry (for the trace ψ of the gravitino), can be used to reduce the components of the supergravity prepotential to the Wess-Zumino gauge
The remaining gauge transformations
represent the F-theory analogues of the usual infinitesimal diffeomorphism and local supersymmetry transformations.
Geometrical Origin of the F-constraint
The gauge transformation δL α leaving δH a invariant (gauge for gauge) corresponds to the vector multiplet field strength of section 2.3:
for an arbitrary real scalar field C provided (cf. eq. A.5)
This gives the manifestly supersymmetric generalization of the observation in the Introduction that the F-constraint follows from the gauge invariance of the gauge invariance, as is also true in T-theory. Also as in T, at the nonlinear level it follows from the closure of the algebra of generalized diffeomorphisms, as was shown in bosonic F-theory [13] .
Action
Given the F-theory action S F , the equation of motion is defined by
Due to the gauge transformation of (3.2), this superfield must satisfy
Since we are working in the quadratic approximation, the action is determined to be S F = 
Although we can fix the coefficients by demanding invariance under the gauge transformation (3.2), it turns out to be simpler to impose the Bianchi identity. Contracting d β on the first three terms gives
, and the action
is invariant. Alternative forms of this action can be derived using the identities in appendix A.2. For example, by solving for the Hp∆H term in the sum of the last two equations in (A.3), the action can be put in the form
This form can be reduced further to one with only p and ∆ terms giving
In section 4.1.3, we will reduce the F action in the form (3.11) to M. Matching to the quadratic action of old-minimal supergravity fixes the overall normalization to the value a 0 = − 1 3
.
No Weyl tensor for F
The linearized Einstein tensor G a is not the field strength of the conformal graviton H a since it vanishes on-shell. Next, we explain why we are unable to construct the linearized super-Weyl tensor W αβγ of dimension 5 2 invariant under the gauge transformation (3.2). The linearly independent terms of dimension 3 2 and their transformations are
4 Note that ∆ α γ H β γ ≡ 0 (in vector notation, for example, there is no way to make a non-zero vector out of
Note that every term on the right-hand-side either contains p (αβ) or is of the form = 0. Therefore, we conclude that it is impossible to construct a Weyl tensor superfield in F theory.
In retrospect, this can be explained by a similar observation in T. There, it is known that one cannot construct the T-invariant Weyl tensor [4] . Since F ⇒ T, we conclude that "no T Weyl tensor" ⇒ "no F Weyl tensor".
Reduction F → M, T, S
The signature of our ten-dimensional toy F-theory is (4, 6) with 4 space-like and 6 time-like directions. In particular, in flat space The superspace theories of section 2 reduce to combinations of four-dimensional representations and the reduction of the gravity theory turns out to be a modified version of old minimal supergravity that has a real prepotential (3-form multiplet) for its chiral compensator. We now turn to the derivation of these results (they are summarized in table 4).
Chirality
M-theory has chiral fields. We now explain how these emerge from a manifestly real F-theory. 5 The same was true of the VM superfield strength W α when it was written in terms of the prepotential: There too the holomorphic restriction of F → M automatically spits out the chiral superfield
Consider again the vector multiplet field strength of section 2.3. We reduce the constraint (2.21)
(see also appendix A.3). The second equation is weaker than the chirality conditiondW = 0 but it implies p (α (αdβ ) W β) = 0. This suffices to conclude thatdαW α = constant. Thus, chirality emerges as a choice of boundary condition in the space of F-fields.
Alternatively, we can solve the constraint in terms of the prepotential
M Fields
The reduction of the fields from F → M is subtle due to the tension between the reality of the former and the chirality of the latter. In this section, we will demonstrate the matching of representations by comparing them to table 3 of four-dimensional p-forms [26, 27] :
ΦdαΦ ≡ 0 gauge 4-form 0 Table 3 : 4D, N = 1 p-forms: (δ A p , F p+1 , dF p+1 ) = ( dΛ p−1 , dA p , 0). Φs are chiral and V s are real.
SM → 0-form and 3-form As alluded to in section 2.1, the scalar multiplet reduces as φ = d 2 U → d 2 U +d 2 U = (Π + Π) to a chiral field Π :=d 2 U with real prepotential. Comparing to the table, we find that this is both of the form of the 0-form field strength and that of the gauge 3-form multiplet. The 4-form field strength of the 3-form C abc ∼ abcd [d,d] d u is the lowest component of the combination
, as we now show.
TM → 2-form The tensor multiplet has field strength
2ηα so we recover the 3-form field strength of the four-dimensional 2-form gauge potential B ab . To conclude that this is, in fact, the gauge 2-form however, we must verify that the gauge transformation is
The first term is the field strength of a 1-form and, thus, gives the correct transformation of the 2-form B αβ ∼ d (αd 2 η β) because the second term cannot contribute. Since η α is complex, the combination Φ α =d 2 η α is an arbitrary chiral field. In the description in terms of Φ α the λ αα parameter drops out completely and we conclude that F TM → M TM, as expected.
that of the four-dimensional VM W α =d 2 d α V and its conjugate but, again, we should check the gauge transformation rule. This gives δV → d 2 λ +d 2 λ the field strength of a 3-form rather than a chiral scalar multiplet. Contrary to the case of the tensor, this distinction persists in the description of this theory in terms of the combination
. This component gauge 4-form carries no degrees of freedom on-or off-shell.
dVM → Dual 1-form The dual vector multiplet field strength 
p (mod 6)
A Table 4 : F → M reduction.
M Supergravity
As implied by the reduction of the spinors from F → M (cf. appendix A.3), the supergravity field H αβ decomposes into the fields H αα and H −1 with gauge transformations (3.2)
They are recognizable as the superconformal transformations of the four-dimensional, N = 1 supergravity prepotential H a and the chiral compensator χ ∝d 2 H −1 of old-minimal supergravity. The fact that the prepotential H −1 is imaginary (vs. generic complex) means that this supergravity theory has a 3-form in its chiral compensator (cf. table 3) as compared to the more familiar unconstrained chiral compensator of old-minimal supergravity [31] .
These constraints are invariant under Spin(2,2) ∼ = SL(2;R)×SL(2;R) and under the Z 2 interchanging the factors, which we will call "T-parity". The reduction of the fields to T is unfamiliar so we will work out some examples. Throughout this section, we reduce d 4 x → d 3 x but then proceed to absorb into the definition of the fields so that no explicit factors appear. (Alternatively, we reduce and then set → 1.)
The basic relation in T is
From this, it follows that a "scalar" multiplet φ = (
This gives the T-form table 5. 
We now compare this to the reduction F → T as represented in table 6. The actions for the scalar and tensor multiplets "reduce" simply by plugging in the explicit forms for
2 )V after integration by parts, taking the same form as the tensor multiplet theory with the replacement v → V .
By contrast, the dual vector multiplet action can be written as
where Γ :
Contrary to the analogous formula for the F → M reduction, the two potentials do not decouple and the action does not reduce to a form quadratic in field strengths.
Once more, we find that the reduction F → T produces a table with features not present in the naïve table derived from T. In this case the mismatch is attributable to the reduction of certain irreducible F multiplets into representations with more than one prepotential, as required by T-parity. A related feature is that we do not have an interpretation as a de Rham complex in this case (i.e. table 6 does not have the same de Rham-type structure as tables 2, 3, 4, and 5).
T-dual Supergravity
The reduction of the supergravity fields is as in reference [24] : Table 6 : F → T reduction.
The field equations (3.9) reduce to
Substituting the values (a 0 , a 1 , a 2 , a 3 ) = (1, − )a 0 , we get
Equivalently, we can reduce the F action (3.11) to obtain the T action
These results are to be compared to those of reference [24] . Unfortunately, this is complicated due to an error in the algebra that qualitatively changes the form of the equations of motion in the current version of that paper.
M,T → S
Finally, reduction to S can be implemented through the M branch or the T branch. In the M → S reduction, this is simply dimensional reduction along the 3-direction. In the T → S branch, the reduction is performed by solving the F-constraint ("sectioning") which sets p = p. Either way, the result is a (2 + 1)-dimensional theory with an N = 2 supersymmetry algebra
More convenient, however, is to go to a complex basis in T analogous to that of M. Then M → S and T → S reduction can be treated simultaneously as both give the 3D, N = 2 algebra 17) gotten from M by dropping the dotα → α and from T by making complex combinations proportional to d α ± id α . Since the reduction M → S is trivial, we choose to reduce T instead. 
Conclusions
In this paper, we have studied the superspace formulation of toy F-theories (F) in the linearized limit. Such superspaces reduce to analogues of M-theories (M), and type-II theories with manifest T-duality (T). These reduce in turn to a type-II "string" theory (S) in its usual formulation. Focusing on the case in which S corresponds to a three-dimensional string, we constructed the F superspace to which it lifts. Field theories in F are a priori ten-dimensional but are subject to the F-constraint (1.4) effectively reducing them to four dimensions. The matter and gravitational theories were constructed in the quadratic approximation. All of the matter theories have abelian gauge invariances and severely restricted interactions. The F-constraint follows from the gauge invariance of the gauge invariance in F-gravity.
Reduction F → M is achieved by solving the F-constraint. The reduction of the matter and gravitational theories was worked out in detail. Due to the gauge invariance of the F-theory matter fields, the reduced matter fields are modified versions of the usual matter multiplets familiar from 4D, N = 1 superspace. In the same vein, F gravity reduces to old minimal supergravity but with a real prepotential for the chiral compensator, which representation contains a gauge 3-form.
By contrast, F reduces to T by dimensional reduction along a space-like direction. The resulting theory has Spin(2,2) ∼ = Spin(2,1)×Spin(1,2) symmetry corresponding to the manifest T-duality invariance of the underlying type-II theories. Again, the reduced matter representations are significantly more complicated than what one would naïvely expect. The supergravity reduction produces a result that is expected to agree with that of reference [24] after correction of an error in that paper.
In light of these results, there are many interesting extensions of this work to pursue. For example, we have not yet attempted to extend the analysis to the case of the D=3 superstringà la [3] [4] [5] nor have we studied the first quantization of these theories. It is of interest to understand the results of this work in the context of such a quantization, possibly in the presence of membranes. Alternatively, it should be straightforward to extend this construction to the more interesting dimensions corresponding to D=4 and D=6 strings.
In a different direction, the extension to the non-linear theory would be an interesting avenue for further investigation into this F theory for D=3. The non-linear extension of the supergravity theory is complicated by the lack of chirality in F. Even for the matter theories, the non-abelian extension will have to contend with the presence of forms of degrees higher than 1 in the generic multiplet. (Although the 1-form does not have this problem, there we are unable to impose conventional constraints on the non-abelian connection.) A related line of investigation is a proper study of the F-theory forms. Throughout this work, we have encountered "F-orms" that reduce to ordinary p-forms upon reduction to M and T but these are not p-forms in the ten-dimensional sense since pairs of SO(2,3) indices are symmetric rather than anti-symmetric under interchange. Understanding how the latter (and their T-theory analogues) arise and their relation to the former may shed light on the (super-)geometry of F-theory.
be explained below for Sp(4).) We then have
B.1 Forms
In this section, we study the bosonic analogue of the "p-forms" that arise in F theory multiplets. Uncovering the structure of these F-orms is not entirely straightforward. Importantly, they are not de Rham forms in ten dimensions because they arise from the F-constraint
rather than the relation [∂ ab , ∂ cd ] = 0 on which the de Rham complex is based. We start with the following assumptions regarding the potential A of a 0-form: Its gauge transformation is a real constant and its field strength is the gradient F ab = ∂ ab A with equation of motion ∂ ab F ab = 0. This field strength solves the Bianchi identity ∂ a[b F cd] = 0. 7 With this initial condition, the table of p-forms is built by increasing the number of indices on the potential A. This gives the following structure: Again, there is no special symmetry implied on indices unless explicitly indicated. For example, the gauge parameter λ ab has both symmetric and anti-symmetric parts. (The subtraction of the divergence can be imposed directly on the parameter. Alternatively, the field strength can be defined as F ab = We prefer the form presented in the table as it is more easily compared to the form of the equations of motion of the dual table.
8 For example, the gauge 1-form is represented as having a 3-form field strength. We can put it in the slightly more familiar form by writing F abc = 
B.2 F-gravity
As a warm-up to the derivation of the linearized supergravity action in F-theory, we work out the analogous calculations in a bosonic model containing only a symmetric, traceless rank-2 tensor h ab . The functional derivative of the quadratic action S = L(h) defines the linearized Einstein tensor G(h) := δS/δh. This is required to be gauge invariant G(δh) = 0 and we can use this fact to derive G(h).
Up to surface terms, the variation of the action can be written as 
